For accurate astronomic and geodetic observations based on radio telescopes, the elevation-dependent deformation of the radio telescopes' main reflectors should be known. Terrestrial laser scanning has been used for determining the corresponding changes of focal lengths and areal reflector deformations at several occasions before. New in this publication is the situation in which we minimize systematic measurement errors by an improved measurement and data-processing concept: Sampling the main reflector in both faces of the laser scanner and calibrating the laser scanner in situ in a bundle adjustment. This concept is applied to the Onsala Space Observatory 20-m radio telescope: The focal length of the main reflector decreases by 9.6 mm from 85 • to 5 • elevation angle. Further local deformations of the main reflector are not detected.
Motivation
Terrestrial laser scanners are now widely used in engineering geodesy both for documentation and for deformation monitoring. Deformation analyses of, e.g., cooling towers [1] , tunnels [2] , dams [3, 4] or operas [5] , are tasks where the high sampling density of laser scanners is used to obtain geometric information of the scanned object nearly continuously in space. Along with this goes the desire to increase the accuracy of the derived point cloud and the results of deformation analysis. A large part of the corresponding error budget is due to the laser scanner misalignment [6] . To reduce these systematic errors, laser scanners are calibrated previous to the deformation analysis [7, 8] or in situ at the same time of deformation analysis [9, 10] . Herein, the benefit of using two-face measurements has been documented by [11, 12] and adopted by [13] .
Terrestrial laser scanning has also been used for determining changes of focal lengths and areal reflector deformations of radio telescopes at several occasions before [14] [15] [16] [17] [18] [19] . New in this publication is the situation that we adopt and enhance the findings of laser scanner calibration to the deformation analysis of radio telescopes' main reflectors. Thus, we minimize systematic measurement errors by an improved measurement concept, i.e., the scanning in two cycles or two faces, respectively. This doubled information is taken advantage of in a bundle adjustment also estimating one set of calibration parameters. VLBI measurements employ pairs of radio telescopes to simultaneously observe signals from quasi stellar objects for determining the difference in signal arrival times. The parameters of the baseline between the radio telescopes can then be estimated from the time delay which also depends on the signal paths within the optics of the radio telescopes [21] . Hence, changes in focal length of the main reflector or local deformations on the reflector's surface directly lead to biased signal paths and, thus, biased baseline estimates [22] . Consequently, both geometric properties should be known very accurately. As they might vary due to gravitation, they should be estimated w.r.t. the elevation angle of the radio telescope leading to an elevation-dependent deformation. The global deformation is given by the focal length variations, local deformations are expressed by deviations from the best-fit rotational paraboloid. These local deformations might result from single de-oriented panels or from adverse forces acting on the support structure of the reflector.
The OSO 20-m telescope's main reflector has not yet been analyzed for surface deformations. To increase the accuracy of measurements performed by the OSO 20-m radio telescope, the present study, hence, proposes a new concept for an elevation-dependent deformation analysis. Herein, three main points are focused:
• Scanning the main reflector in two opposite cycles so that each part of the main reflector is sampled in two faces (Section 2).
• Proving the applicability of TLS (Terrestrial Laser Scanner) for elevation-dependent deformation analyses of radio telescopes by investigating the measurement's accuracy in detail (Section 3).
• Analyzing the elevation-dependent deformation considering relevant systematic measurement errors based on an improved measurement and data-processing concept in a bundle adjustment (Section 4).
In consequence, this study proposes several general insights in the deformation analysis of large civil infrastructures as well as in the quality assurance when using TLS for such engineering tasks demanding high accuracy.
Measurement Concept
For the present application, a Leica Scan Station P20 laser scanner was used. In general, a TLS samples the surrounding surface by a large number m of scan points that are based on measuring horizontal angles ϕ j , vertical angles θ j and slope distances r j leading to cartesian coordinates
where j = 1, ..., m. Here, the horizontal and vertical sampling follows a constant grid, i.e., θ j = θ 1 + j × ∆θ and ϕ j = ϕ 1 + j × ∆ϕ with ∆θ = ∆ϕ being the angle increments. The distances are gained by measuring the time-of-flight of the emitted laser pulse reflected at the object. The horizontal rotation of the instrument is usually restricted to 180 • only in one single scan cycle since the laser scanner measures in face 1 (in front of the scanner) as well as in face 2 (behind the scanner). By this common procedure, measuring time is saved. For analyzing the deformation and movement of the radio telescope's main reflector, the scans were performed at different elevation angles of the telescope: 85 • , 75 • , 60 • , 45 • , 30 • , 15 • and 5 • . At each of these elevation angles, the main reflector should be densely sampled by a point cloud without large occlusions. This can only be achieved if the scanner is mounted on the radio telescope itself so that it moves together with the main reflector when changing the elevation angle. Similar to previous studies at the Effelsberg 100 m radio telescope [18] , positioning the laser scanner at the subreflector would have been preferable. However, since the Onsala 20 m radio telescope is of smaller size, a station could only be realized by a support that was fixed to one of the four beams holding the subreflector ( Figure 2) . As a consequence, the support legs produce occlusions. In addition, the main reflector could not be scanned completely at elevation angles of 15 • and 5 • due to the limited vertical field-of-view of 270 • of the TLS. However, this concerns only a small part of the reflector's surface. The support holding the TLS has been designed and manufactured particularly for TLS instruments scanning radio telescopes. It consists of a bracket being attached to the radio telescope's beam and a flexible spherical hinge (Figure 2 ). The flexible spherical hinge was used so that the laser scanner is always oriented upside-down, independent of the telescope's elevation angle.
During the rotation of the telescope, the hinge was unconstrained while during measurements, a pneumatic break held the scanner in a vertical position. The assumption was that the scanner stays always upside-down due to its weight. Only after the fixation of the hinge, the scanner started its own rotation and measurements assuming a stable position and orientation. As will be analyzed in Section 3, this assumption of a stable laser scanner station is only partially valid.
The following scan settings were chosen for scanning at the proposed elevation angles:
• Spatial resolution: 1.6 mm at 10 m distance. This high point sampling is not necessary for the parameter estimation but it helps at determining spatial correlations in laser scans which is the task of a further study.
• Spatial coverage: Complete scan of 360 • horizontal and 270 • vertical coverage (full vertical field-of-view).
• Quality level: The Leica Scan Station P20 requires the user to specify a quality level. The larger the quality level, the more points being consecutively measured are averaged to minimize random errors in the measured distances. This moving average most probably leads to a larger correlation between the scan points with unknown error distribution that would have to be accounted for in the deformation analysis. Hence, although a high quality level would indeed increase the precision of the distance measurement, the lowest quality level (level "1", no averaging) was chosen.
Special focus should be led on the horizontal rotation of the laser scanner during a complete scan: Since the area of interest covers more than 180 • in the horizontal direction, scanning only in one cycle which equals a horizontal rotation of 180 • -as is the usual procedure at laser scanning-would lead to that some parts of the main reflector were scanned solely in face 1 and other parts are scanned solely in face 2. This would degrade the accuracy of the deformation analysis due to systematic errors resulting from the laser scanner misalignment [11, 12] . Consequently, all scans were performed in both faces by instructing the laser scanner to horizontally rotate from 0 • to 180 • (cycle 1) as well as from 180 • to 360 • (cycle 2). In consequence, each part of the reflector is scanned in face 1 as well as in face 2 which is taken advantage of in the deformation analysis (Section 4).
These settings led to 14 scans in total, each of the seven elevation angles measured in two cycles. Each point cloud consists of about 570 million points. Figure 3 exemplarily depicts the intensity coded point cloud of elevation angle 85 • in cycle 1: The main reflector is visible in the foreground by a rather low intensity, the radome is visible in the background with different intensities of the points lying on the metal beams and its hull. 
Preliminary Accuracy Evaluation of Measurements
Before performing the deformation analysis in Section 4, the accuracy of the laser scans is evaluated. In general, this accuracy is governed by random and systematic errors being due to the laser scanner's misalignment, atmospheric conditions, the scanning geometry and the object properties [23] .
Here, systematic errors are often larger than the random ones. Concerning the measurements on the main reflector, the following statements can be formulated:
1. The atmospheric conditions did not vary noticeably with time during the measurements due to cloudiness: The absolute air temperature was 14.1 • Celsius on average, the variation smaller than 0.2 • Celsius. Since the measured distances are only between 7 and 13 m, systematic errors in the measured distances due to atmosphere can, thus, be neglected regarding the total error budget of laser scanners. 2. The scanning geometry is chosen considering angles of incidence of up to 45 • . Thus, systematic errors in the measured distance due to large angles of incidence, as investigated by [24] , can be neglected. 3. The panels of the main reflector are bare aluminium with a light gray color but manufactured very smoothly to receive radio signals of small wavelengths. Hence, the intensity of the reflected laser spot and the random errors that are governed by this intensity [25] have to be investigated further (see Section 3.3). 4. Systematic errors due to laser scanner misalignment have already been proven to be a limiting factor for deformation analyses. Consequently, they also have to be investigated further (see Section 3.2).
In the present study, the stability of the laser scanner is also of great importance: Contrary to the usual mounting of a laser scanner on a tripod or a pillar, the laser scanner is fixed to a flexible spherical hinge whose stability has not yet been proven. This is investigated in Section 3.1.
For the subsequent evaluations of the laser scans' uncertainty, the laser scans are approximated by a rotational paraboloid representing the main reflector of the radio telescope. This procedure-which is only used in this section to investigate the derived residuals of approximation-will be explained in more detail in Section 4.
Stability of Laser Scanner Mounting
The stability of the laser scanner is of particular interest here since its mounting is rather unusual. This is due to two facts: (1) The laser scanner is oriented always upside-down and (2) it is mounted neither on a tripod nor a concrete pillar but to a flexible spherical hinge which is moving itself together with the main reflector. The amount, as well as the orientation where the shift occurs, varies between the individual scans. Thus, the position of this shift on the main reflector also varies. Hence, we cannot claim the main reflector's surface to produce this bias by an abrupt local deformation. The reason for this bias has rather to be searched in the data acquisition. This assumption can be supported by the fact that the bias only occurs at some of the cycle 1 scans.
Instead, the bias can be interpreted as a poor stability of the laser scanner orientation: It only occurs at measurements in cycle 1. These scans were performed directly after the movement of the main reflector around its elevation axis. Hence, when the scanner started its rotations around its vertical axis, the spherical hinge supporting the laser scanner might not have been fixed in its correct position so that the rotation of the scanner forced the hinge to re-orientate until it was in its desired upside-down position. After this re-orientation, the hinge was apparently always stable enough since this shift only occurs in cycle 1 measurements and only at the beginning of these scans.
In contrast to this, at elevation angles of 5 • , 15 • , 30 • and 45 • , the shift is not visible. Hence, the orientation of the scanner seems to have been upside-down directly after movement of the telescope in these cases. In consequence, the scans of elevation angle 85 • , 75 • and 60 • of cycle 1 suffer from systematic errors due to the instability of the laser scanner mount. These point clouds are, thus, not used in the further analyses of this study.
Systematic Errors Due to Misalignment of the TLS
Systematic errors following from unavoidable misalignment of the TLS can easily outnumber the random errors so that the interpretation of, e.g., deformations, can be totally misleading. This can also be seen in the present study: Figure 5 displays the residuals of approximation for cycle 1 (left) and cycle 2 (right). It is visible that the residuals are systematically distributed with opposite sign between cycle 1 and cycle 2. Therefore, the sign also changes between face 1 and face 2 measurements of the scanner. This implies that these systematics are not due to the deformation of the main reflector but due to the misalignment of the laser scanner being sensitive to two-face measurements for a large amount [13] . Consequently, the laser scanner needs to be calibrated for a meaningful deformation and movement analysis. The aim of the laser scanner calibration is the parameterization of the laser scanner's misalignment which seems to be similar to the calibration of a total station at first glance. Hence, calibration parameters as, e.g., collimation axis error, trunnion axis error and vertical index offset need to be determined. However, the calibration of a terrestrial laser scanner is more complex [6] , mainly due to three reasons:
• The observations of the TLS are pre-processed by the manufacturer before made available for the operator. Here, the original measurements are corrected by unknown calibration functions. The calibration parameters used herein are determined during manufacturing; they vary with temperature. Consequently, the remaining errors due to misalignment that we want to estimate here are temperature-dependent and do only represent rest effects that are not handled by the manufacturer's pre-calibration.
• Since the mechanical construction of a TLS is complex, there are still different opinions about which calibration parameters to estimate. On the one hand, there are empirical parameters [8, 26] , on the other hand, there are mechanical parameters introduced by [11] and adopted by [13] who coincide to a large amount, but not in total. With both strategies, systematic errors can be reduced but the parameter estimates vary.
• You cannot measure single scan points repeatedly so that a sophisticated network of reference objects has to be build up for estimating the calibration parameters. Only at optimal networks, the calibration parameters are assumed to be stable.
In consequence, the present strategies for laser scanner calibration still suffer from the fact that the calibration parameters are only valid in situ [7, 8, [27] [28] [29] [30] . This means that they are only valid for the measurement setup used for calibration and that they might change when using a different strategy for calibration. Strategies to overcome this drawback are given by, e.g., [13] . Anyway, since there is currently no strategy at hand for calibrating a laser scanner so that only random errors would remain in the point clouds acquired in the present study, the deformation analysis shown here has to handle these systematic errors due to misalignment.
Hence, the parameters describing the potential mechanical misalignment of the laser scanner are estimated as part of the common deformation analysis leading to an in situ self-calibration. This approach has been introduced for the deformation analysis of the Effelsberg 100-m radio telescope's main reflector by [9, 18] including also a sensitivity analysis. However, deviating from the present study, the Effelsberg radio telescope was not scanned in two cycles or faces, respectively. Furthermore, the functional model for parameterizing the laser scanner's misalignment has been improved meanwhile by [11] by introducing mechanically reasonable parameters.
Due to the laser scanner misalignment, the calculation of the cartesian coordinates written in Equation (1) has to be expanded by a set of calibration parameters:
Consequently, ϕ j + ∆ϕ j and θ j + ∆θ j are integrated in Equation (1) instead of solely ϕ j and θ j considering the calibration parameters p calib (calib = calibration)
All of these parameters are two-face sensitive; hence, they change their signs between face 1 and face 2. To account for this, the angle parameterization is adapted following [13] : In the second cycle, the value of 180 • is added to the horizontal angle if the calculated angle is positive and 360 • if the angle is negative. The position of the mirror is easily tracked with the x j -coordinate value. If this coordinate in the first cycle is negative, the calculated vertical angle is subtracted from 360 • . In the second cycle, the case is opposite: If the x j -coordinate is positive, the calculated vertical angle is subtracted from 360 • .
In general, a panoramic laser scanner is subject to 18 calibration parameters [11] . This list was adapted to the system calibration of the laser scanner used here [13] , the Leica ScanStation P20, leading to 11 parameters. This number is further reduced here to 7 parameters since the other four parameters cannot be estimated based on the given measuerement configuration. In consequence, only angular calibration parameters are incorporated in Equations (2) and (3): Vertical beam offset x 1z , mirror offset x 3 , trunnion axis error x 5z−7 , collimation axis error x 6 , horizontal beam offset x 1n+2 , vertical index offset x 4 and horizontal beam tilt x 5n . Figure 6 (left) depicts the residuals at an elevation angle of 45 • , cycle 1, if approximating the point cloud by a rotational paraboloid according to the procedure that will be introduced in Section 4. This strategy accounts for the calibration parameters of Equation (4) by an in situ calibration using a bundle adjustment. Compared to Figure 5 (left) that shows the results without calibration, the benefit is obvious: The systematic of opposite sign is eliminated increasing the accuracy of the angular measurements significantly. The remaining effects on the surface are interpreted together with the results corresponding to the other elevation angles in the end of this study. In consequence, any deformation analysis should be accompanied by an in situ self-calibration of the laser scanner. By this, the accuracy of the measured horizontal angles ϕ j and vertical angles θ j is increased leading to an improved deformation analysis. This aspect will be included in Section 4.
It should be noted that the estimation of the calibration parameters goes along with an elimination of a small part of the scan points as can be seen in, e.g., Figure 6: • The calibration parameters x 1z and x 5z−7 influence the horizontal direction ϕ j by a factor of
This factor is not well defined at zenith and its close proximity. Hence, scan points with |θ| < 5 • are eliminated leading to a circular gap in the point cloud.
• The scanner does not rotate exactly 180 • around its vertical axis but 184 • for each cycle, e.g., from −2 • ≤ ϕ ≤ 182 • . Consequently, there are always 4 • of overlap between cycle 1 and cycle 2 or face 1 and face 2, respectively. The scan points in these overlaps cannot be assigned to face 1 or face 2. Hence, the corresponding scan points are eliminated leading to two further gaps of elongated form.
Precision of Distance Measurements
The intensity of the backscattered laser spot governs the precision of the distance measurement [25] . While Figure 3 already depicted this intensity for the section of one scan, Figure 7 (left) focuses the intensity of the scan points on the main reflector. As can be seen in the latter case, the intensity partially depends on the angle of incidence:
• The positions where the intensity is very high (dark blue), the angle of incidence is about 5 • or even less. In the vicinity of angle of incidences around 0 • , the reflected intensity is so high that the reflected impulse cannot be processed by the scanner due to blooming. This leads to gaps in the point cloud. The sensitivity of this blooming regarding the angle of incidence can be seen since the position of theses gaps changes between different panels of the main reflector.
• At angles of incidence from 5 • to about 10 • , the intensity decreases slightly (colored from light blue to green).
• At angles of incidence larger than about 10 • to the maximum values of about 45 • , the intensity is not governed by the incidence angle anymore (colored from yellow to red). Here, rather the surface properties govern the intensity since individual panels can be distinguished for the intensity values.
Intensity [−]
- The actual intensity values that are given by the software Cyclone as relative, unit-less numbers between −2000 and 2000 are depicted in Figure 7 (right). This histogram confirms the previous statements: Only a small portion of scan points is of large intensity (>0) due to angles of incidence smaller than about 5 • . The predominant part of the scan points is of lower intensity in the range of −1800 to −800. Consequently, since the intensity values can be used to assess the precision of the distance measurements [25] , this precision can be assumed to be quite constant over the whole main reflector. Excluded from this presumption are only the sections sampled by small angles of incidence.
For empirically assessing the precision of the distance measurement, the standard deviation of the estimated residuals is used: This standard deviation represents the precision of the distance measurement since (1) the residuals approximately point into the line-of-sight of the laser scanner and (2) the panels are manufactured more precisely than the range noise: The surface accuracy of the panels is specified as 0.14 to 0.22 mm [20] . Figure 8 (left) depicts one panel and its estimated residuals in detail, Figure 8 (right) the corresponding histogram. It can be seen that the residuals vary randomly on the panel's surface and that the corresponding error distribution equals a Gaussian distribution with parameters µ = 0.15 mm and σ = 1.35 mm. While the mean values µ of all panels range between −1 and 1 mm, the standard deviation σ does not vary considerably. This statement even holds for the panels sampled by small angles of incidence whose intensity is higher. As a consequence of these investigations, the residuals of approximation are panel-wise averaged in the subsequent deformation analysis: For each of the 120 panels, the scan points sampling it are selected and the mean value of all corresponding residuals is calculated. This averaging helps to reveal local surface deformations by increasing the signal-to-noise ratio: It minimizes random errors and it highlights systematic errors caused by local surface deformations. The result of this panel-wise averaging is shown in Figure 6 (right) in comparison to the result without panel-wise averaging in Figure 6 (left).
Analysis of Elevation-Dependent Deformations
One of the main aspects of the present study is the elevation-dependent deformation analysis of the main reflector of the OSO 20-m radio telescope. As stated in Section 1, the most relevant geometric properties of the main reflector are its focal length and the occurrence of local deformations from the assumed shape, i.e., a rotational paraboloid. To analyze these properties, the laser scan's of the main reflector are approximated by a rotational paraboloid. This section describes the corresponding parameterization as well as the succeeding parameter estimation which will be performed in a bundle adjustment integrating all scans of the different elevation angles. Before, the point clouds need to be pre-processed based on the findings gained in Section 3.
Data Pre-Processing
The data pre-processing includes the steps of data reduction, object segmentation and outlier removing that have been introduced for an accurate deformation analysis of radio telescopes [18] . To avoid repetitions, the necessity and implementation of these steps is only briefly recapitulated here.
Data Reduction
Data reduction might be a usual step in TLS point cloud pre-processing-but only aiming at improving the handling of the data memory and processing time [31] [32] [33] . Only in the recent past, data reduction has been analyzed regarding its potential for upgrading the unbiasedness at area-based surface analyses [18, 34] . These studies show that the sampling density should be regular to gain accurate parameter estimates, especially at deformation analyses. Since the laser scanner does not sample the surface with a regular point distance between the cartesian coordinates, the point cloud should be reduced so that the point density is nearly constant over the whole area of interest. Hence, points are eliminated. Consequently, the point clouds of about 570 million points each are reduced to about 2 million points.
Object Segmentation
Generally, object segmentation describes the separation of the object of interest from the surrounding background not being of interest. Therefore, the method of separation is application-specific in most cases. This can range from semantic segmentation [35] to geometric segmentation [36] for, e.g., plant analysis.
In the present case, the object segmentation directly evolves out of the construction of the main reflector: The main reflector does not equal a closed body but consists of 120 solid panels (see Figure 1) . The distance between neighbored panels equals several millimeters. Hence, scan points in these gaps or in their proximity will suffer from systematic errors leading to mixed pixels due to a laser spot size of about 5 mm at 10 m distance [37] . To avoid an influence of these mixed pixels on the deformation analysis, only points are considered further that are located without any doubt on a surface panel. This is guaranteed by omitting all points between the panels as well as the ones with a distance less than 50 mm to the panels' borders.
Outlier Removing
Outliers can degrade the deformation analysis by either biasing the parameter estimation or by complicating the analysis of local deformations on the main reflector's surface. Hence, they need to be eliminated. In total, these outliers occur because of different reasons:
• The vertex of the main reflector: Here, the feedhorn collecting the electro-magnetic signals and further processing units are located. Hence, points inside a radius of 1 m around the vertex are removed.
• Gaps between the panels: These outliers have already been eliminated by the object segmentation.
• Blooming effects that occur at small angles of incidence (see also Section 3): The intensity given by the laser scanner ranges between a unit-less value of −2000 and +2000. An empirical threshold of 1500 is used so that points with larger intensity values are eliminated. This leads to a further small gap in the point clouds near the main reflector's vertex.
• Common gross errors in the distance measurement that are, amongst others, due to the electronic processing or small anomalies in the surface's reflectivity: These outliers are removed in a pre-adjustment eliminating points with estimated absolute residuals larger than 7 mm (empirically determined).
Parameterization of Laser Scans in Each Elevation Angle
The measured point clouds of the main reflector each consist of j = 1, ..., m sampling points that can be parameterized by the functional model of rotational paraboloid. A rotational paraboloid can be described by one form parameter only, i.e., the focal length f , if it is positioned in its normal form where its rotation axis equals the Z-axis of the coordinate system (X, Y, Z):
This is, however, not the case since the main reflector is scanned in the laser scanner's local coordinate system (x, y, z), so that the paraboloid needs to be transformed by
where R x and R y are the rotation matrices around the x-and y-axis and X v is the translation vector. Consequently, the parameters p obj (obj = object) describing the rotational paraboloid in the laser scanner's coordinate system equal
For estimating the parameters p obj (Equation (7)), the original polar measurements of the TLS r j , ϕ j and θ j are integrated in the paraboloid's model (Equation (5)) by transformation into cartesian coordinates x j (Equation (1)) and then by transformation into the coordinates X j of the paraboloid's coordinate system (Equation (6)).
Bundle Adjustment of All Laser Scans
Equations (5)- (7) introduced the parameterization of the main reflector. If performing a least-squares parameter estimation based on these equations, only random errors are dealt with. However, as has been explained in Section 3, also systematic errors due to misalignment of the laser scanner are included in the point clouds. Thus, we need to find a strategy to minimize these systematic errors.
In principle, there could be two strategies:
1. Simply measuring the object in two faces: By combining both point clouds, all two-face sensitive errors can be minimized. 2. Calibrating the laser scanner in situ: The calibration parameters are estimated along with the deformation parameters.
We focus a combination of both strategies for the present application. This can be reasoned by the following: At the elevation angles 85 • , 75 • and 60 • , the measurements for cycle 1 cannot be used for analysis due to the instability of the spherical hinge. Hence, at these elevation angles, we only can use point clouds that sampled each part of the main reflector with one single face. Strategy 1 is, thus, not feasible here. Hence, an in situ calibration as has been done many times before-also for radio telescopes as described in Section 3.2-is necessary in any case. This in situ calibration benefits if also two-face measurements are included corresponding to [12, 13] since most calibration parameters are two-face sensitive [11] .
Consequently, we estimate the 7 calibration parameters p calib describing the laser scanner misalignment along with the object parameters p obj to account for systematic measurement errors. These 7 calibration parameters are specified in Equations (2) and (3); only two-face sensitive parameters are used. We only use the 7 two-face sensitive parameters since the configuration of adjustment is not sensitive to estimate the other 4 calibration parameters. In an ideal case, all 11 parameters would have been estimated. Since this is not the case here, the remaining errors due to the 4 non-estimated parameters-that is not dealt with-merge with the calibration parameters that are estimated. This interdependency has already been discussed in [9] and it will be addressed in a prospective study where we also compare the different strategies for dealing with the systematic laser scanner errors due to misalignment (two-face measurements, in situ calibration, combination of both) extensively.
While the calibration parameters p calib are expected to be constant for each laser scanner-or they are at least expected to stay constant at similar temperatures and for a longer period than one day-the parameters p obj vary with the elevation angle e: p obj (e). Therefore, the laser scans of the different elevation angles can be linked in a bundle adjustment since they share identical calibration parameters. Consequently, the parameters to be estimated in one single bundle adjustment equal
. . .
leading to u = 49 parameters, i.e., 42 object parameters and 7 calibration parameters. The number of observations n equals n = 3 × m where the number m of scan points is about 22 million. This is because 7 elevation angles were scanned in two cycles but the scans of cycle 1 at elevation angles 85 • , 75 • and 60 • are disregarded for deformation analysis due to missing stability of the laser scanner (Section 3).
To improve the handling of this large number of scan points, it is further reduced to m ≈ 4 million points. Still, the redundancy of the adjustment is very large:
For the stochastic model, the covariance matrix
of size n × n is formulated where σ ϕ = 8 and σ θ = 8 are chosen corresponding to the manufacturer's specifications of the Leica Scan Station P20 [37] . For the distance r j , a standard deviation of σ r = 1.5 mm is chosen due to the evaluations of Section 3. This value only slightly differs from the manufacturer's specifications that do not account for the present object properties. As usual, the observations are assumed to be uncorrelated and Gaußian distributed, which is-in general-an oversimplification of the reality [19, 38, 39] . This adjustment typically leads to the Gauß-Helmert model (GHM)-also known as general case of adjustment [40] -considering the used functional model. Thus, the residualsv representing the deviations between observations l and approximated observationsl are minimized following the theoretical target function v T Σ Σ Σ −1 ll v [40, 41] . The strict solution of the GHM is explained in many publications [40, 42] so that a recapitulation is omitted here. Due to the large number of observations, the GHM is transformed to a Gauß-Markov model for numerical reasons [34, 41] .
The results of the approximation are the estimated parametersp including their covariance matrix Σ Σ Σpp. Here-as already stated-the estimated focal length is the most meaningful parameter for the present application. Furthermore, the post-fit residuals of each sampling point, also called discrepancies in a GHM, are estimated. They can be used to detect systematic effects in the residuals possibly stemming from local deformations of the telescope's surface.
Results of Adjustment
The results of the adjustment can be split up into the estimated calibration parameters, the estimated object parameters indicating the global deformation and the post-fit residuals indicating local deformations. Before these are evaluated, the parameter correlations are investigated.
Parameter Correlations
In general, parameter correlations help at investigating the ability to separate estimated parameters from each other. In the present case, two questions are of special interest:
1. Do the two-face measurements improve the separability between object and calibration parameters? 2. Does the bundle adjustment improve the separability between object and calibration parameters?
If both questions could be answered with 'yes', the significance of the deformation analysis would increase since the values of the object parameters are less affected by the in situ calibration of the TLS.
Concerning the first question, we compare (a) the correlations between the object parameters p obj (85 • ), p obj (75 • ), p obj (60 • ) and the calibration parameters p calib (three left black boxes at bottom of Figure 9 ) with (b) the correlations between the object parameters p obj (45 • ), p obj (30 • ), p obj (15 • ), p obj (5 • ) and the calibration parameters p calib (4th to 7th black box from left at bottom of Figure 9 ): At (a), only one-face measurements are included due to the lack of TLS stability of the firstly scanned cycles (see Section 2). At (b), both faces are included. The correlations between x 1n+2 (5th calibration parameter) and the object parameters and also between x 5n (7th calibration parameter) and the object parameters are noticeably larger in case (a) compared to case (b). What is not shown here: If in all elevation angles only one-face measurements had been included, the correlation between the object parameters and all calibration parameters would increase even more. Thus, including two-face measurements improves the separability of the estimated parameters. . Correlation between the estimated object parameters p obj (85 • ), ..., p obj (5 • ) and the calibration parameters p calib at the bundle adjustment. The 6 object parameters of each elevation angle are ordered according to Equation (7), the 7 calibration parameters according to Equation (4) .
Concerning the second question, we compare the correlations between the calibration parameters and the object parameters considering the different elevation angles (1st to 7th black box from left at bottom in Figure 9 ): Some correlations increase with decreasing elevation angles (e.g., the one between Y v and x 5z−7 , 3rd calibration parameter), some decrease (e.g., the one between f and x 1z , 1st calibration parameter). Consequently, the combination of the different elevation angles in one bundle adjustment improves the separability of the object parameters from the calibration parameters. Table 1 depicts the estimated calibration parameters. All calibration parameters are significant regarding their estimated standard deviation. Hence, w.r.t adjustment theory, they are needed for parameterizing all information included in the laser scans. However, this statement has to be softened: The estimated standard deviations are all too optimistic due to the neglect of correlations in the stochastic model which has been analyzed in detail in [38, 39] . Multiplying the standard deviations by a factor of at least 10 would most probably lead to more realistic estimates. Hence, the significance of these parameters cannot be stated terminatorily here. The estimated object parameters are presented in Table 2 . Here, the focal lengthf and its variation ∆f compared to the estimate at 85 • elevation are of main interest since they represent the deformation of the main reflector as a whole. All variations ∆f are significant regarding the estimated standard deviations of maximalσ ∆ f = √ 2 ×σ f . However, these standard deviations are-again-too optimistic. The estimated transformation parameters will be relevant when analyzing the main reflector's movement which will be handled in a prospective study. Table 2 . Estimated object parametersp obj . 
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Post-Fit Residuals
The estimated residuals are relevant for analyzing local deformations of the main reflector's surface that might concern only single panels or a collection of adjacent panels. These residuals are depicted in Figure 11 for each elevation angle. The ones for 45 • elevation angle have already been displayed in Figure 6 (right). At the elevation angles of 85 • , 75 • and 60 • , only one scan, i.e., cycle 1, is processed. Here, the residuals presented are the direct results of the adjustment with a subsequent panel-wise averaging of the residuals as has been introduced in Section 3. The estimated residuals in Figures 6 (right) and 11 do not reveal any local deformations on the main reflector's surface. The residuals are all in the range of ± 1.5 mm which can be assumed to represent remaining random and systematic errors in the laser sans. A strict statistical evaluation of these residuals is not feasible due to the oversimplified stochastic model. This holds for all elevation angles. The fact that the magnitude of some residuals is larger at the elevation angles of 85 • , 75 • and 60 • compared to the other ones can be explained by the missing averaging between cycle 1 and cycle 2.
Conclusions and Outlook
To increase the accuracy of geodetic and astronometric measurements performed by a radio telescope, its elevation-dependent deformation should be known very accurately. Therefore, the present study presents a new measurement and data-processing concept based on a terrestrial laser scanner, applied to the OSO 20-m radio telescope. In total, three main aspects are handled:
• Scanning in two faces A new measurement concept for deformation analyses of radio telescopes' main reflectors is proposed based on scanning in two faces to minimize systematic measurement errors due to misalignment of the TLS.
• Accuracy evaluation of TLS measurements
The accuracy of the laser scans is evaluated by analyzing the stability of the laser scanner and by assessing the precision of the measured distances. Special focus is led onto the systematic measurement errors due to misalignment of the TLS. These preliminary investigations prove the applicability of laser scanners for the present task.
• Elevation-dependent deformation analysis For the deformation analysis, a new concept is presented including the two-faces measurements: It is based on an in situ calibration of the laser scanner in a bundle adjustment including all elevation angles.
Concerning the OSO 20-m radio telescope, focal length variations of 9.6 mm between the elevation angles of 85 • to 5 • can be determined. This value is quite large compared to the 100-m Effelsberg radio telescope whose focal length decreases by 22.7 mm [18] . Further local deformations of the main reflector cannot be detected. The estimated residuals can only be assigned to the laser scanners measurement accuracy.
In the next steps of data analysis, some general aspects should be considered further: Firstly, the results should be used to improve the VLBI delay model leading to more accurate baseline estimates. First considerations can be found in [43] . Secondly, while the deformation parameters are attested to be significant based on metrological expertise, performing a congruence test as usual at deformation analyses [44] is not productive since the stochastic model of laser scans is hardly known so far. The determination of a more realistic stochastic model of laser scans should, therefore, be focused on in prospective studies. Thirdly, further strategies for dealing with systematic errors due to the misalignment of the TLS at deformation analyses should be discussed.
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